Mu Alpha Theta National Convention: Denver, 2001
Number Theory Topic Test Solutions— Theta Division

1. Theeasiest way to solvethisproblem isto find thetotal possible values of m because for
each m thereisexactly one possible n to pair with. The possible values of m consist of
the total number of possible factors (positive and negative) of 30. Thetotal number of
positive factors of a number can bederived from that number’s prime factorization.
Add oneto each of the exponentsin the prime factorization (the total number of choices
for the exponent of that primein afactor) and multiply those number stogether (they
ar e chosen independently from one another to identify each factor). Theprime
factorization of 30 hasthreeprimes (2, 3, 5) all raised to thefirst power. Sothereare
(1+1)(1+1)(1+1) = 8 possible positive values for m, and also 8 negative values. For each
m, thereisexactly onen. Thereare 16 different ordered pairs.

2. 48= 2% x 3'. Consider that the sum of all of the factors can be determined by:

(2 + 2% + 22 + 2' + 1)( 3' + 1) because each and every factor isrepresented one and
only once as one of the products of a power of each of the prime numbersin 48 sprime
factorization. Also noticethat (2° + 2° + 2° + 2" + 1)(2-1) = (2°-1). Soamore
compact formula can be derived to find the sums of factorsof ANY integer. [Try to
derive thisformula completely as an exercise.]

The sum of all of its positive factorsisthus (2° —1)(3* —1)/[(2-1)(3-1)] = 124. Subtracting
48 (proper factorsonly) yields 76 as the answer .

3. Thetrick istofind the number of powersof 10 which divide 134!. This meansfinding
the exponentsof 2 and 5in the primefactorization of 134!. The exponent of 2 will
clearly be greater than the exponent of 5, so we only need find the exponent of 5. 134/5
=26 with aremainder. 26/5=>5with aremainder. 5/5=1. That meansthat thereare
26+ 5+ 1=32timesin which 5isincluded in the prime factorization of 134!.

4. Thesolution to a problem like thisisnot straightforward until the student learnsa
significant amount of number theory. The best way for a novice number theorist to
tacklethis problem is probably to think about how the number 12 can be created from
the exponentsin the prime factorization of anumber. 12 = (3)(2)(2) = (4)(3) = (6)(2) =
etc., and deriving exponents from these possibilities yields variousresults. Of course,
the smallest primein thefinal answer (2 isthe smallest possible) should havethe
highest exponent or elsethereisa smaller solution. 12 = (3)(2)(2) gives exponents of 2,
1, and 1. Using thethree smallest possible primes (2, 3, and 5), we find that 60 isindeed
the smallest possible answer.

5. Thisproblem issimilar to thelast except that the number 3 cannot bein the prime
factorization. Theresulting answer is 140, but bewary in that the creation of
exceptionsin problemslike this CAN lead to a change in the way that the exponent
choices get multiplied — (3)(2)(2) vs. (4)(3).
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6. 311,=3(8°)+8+1=(2+1)(2°)+ 2° +1=2"+ 2° + 2° + 1= 11001001, .
7. 222,222 =2x3x7x11x 13x 37. Theanswer istherefore 6.

8. 543, =5(36) + 4(6) + 3=207 =179, = n°+ 7n+9. Thusn =11 or —18 and weignore
the negative solution.

9. 33listheonly oneof the answerswhich leaves a remainder of 1 when divided by 3.

10. 311/3 = 103 with aremainder. 103/3 = 34 with aremainder. 34/3 =11 with a
remainder. 11/3=3with aremainder. 3/3=1. 103+ 34+ 11+ 3+ 1=152.

11. Tofind the answer, simply sum thefirst 110 counting number s and subtract out the 10
which are perfect squares. The sum of thefirst 110 counting numbersis (110)(111)/2 =
6105. Thesum of thefirst ten (non-zero) perfect squaresis(10)(11)(21)/6 = 385. 6105 —
385 = 5720.

12. Call thenumber AB where A isthetensdigit and B isthe unitsdigit.
BA-AB=10B-A)+(A-B)=9(B-A)=36. ThusB-A =4.

13. 2001/9 = 222 remainder 3. 3isthelast digit. 222/9 = 24 remainder 6. 6isthe second to
last digit. 24/9=2remainder 6. 2and 6 arethefirst two digits. 2+ 6+ 6+ 3=17.

14. 84 = 2° x 3x 7. Thesum of the positive factorsisthus
[(2°-1)(3-D)( 7>- D/[(2- 1)(3-1)(7-1)] =224

15.N=1(mod 2), sowecan let N = (2M — 1) where M isa positive integer. Thuswe know
that 2M-1 = 2 (mod 3) hence2M =0 (mod 3) and thusM =0 (mod 3). Wecan let M =
3P where Pisapositiveinteger. Now we can determineN (mod 6). N=2M —-1=6P -1
=-1(mod 6) =5 (mod 6).

16. Let the number be N and define an integer m such that N = 13m.
SinceN = 1 (mod 7), we can say 13m = 1 (mod 7) and thus 14m —13m = 0- 1 (mod 7).

Thusm = 6 (mod 7). Thesmallest positivem is6. Thusthesmallest N = 13(6) = 78.
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221 = (13)(17); 1001 = (7)(11)(13); 1728 = (2°)(3%); 2737 = (7)(17)(23). Clearly 1728 is
the answer asit contains no factors common to the other three.

100 100
Thesum isequivalent to ) 4n—2 = (4)_n ) —2(100) = 4(100)(101)/2 — 200 = 20,000.

n=1 n=1
10a= 1 (mod 13) and 13a= 0 (mod 13).
17a=3(10a) — 13a= 3(1) — 1(0) (mod 13) = 3 (mod 13).

6A6B = 0 (mod 9); and 6A6B =0 (mod 8). A nicetrick that most students should know
(and work to discover why the relationship works) isthat a decimal number isa
multiple of 9 when and only when the sum of itsdigitsisa multiple of 9. Thuswe know
that 12+ A+B=3+A +B=0(mod 9). Wealso know that 6000 = 0 (mod 8) and thus
6A6B = 6A6B — 6000 = A6B (mod 8). B must of course be even. Now the student can
plug in the small range of possible A’sand add them. 2+ 7=09.

2x7x17x 37 = 8,806

Given that 3x =4 (mod 5), we can say that 3x = 4+5 (mod 5), then 3x =9 (mod 5), and
thusx =3 (mod 5). Likewisewe can find that x=4 (mod 7). From thelatter of these
relationships, we can say that x = 7y =3 for any positiveinteger y. Thuswe know that
7y -3=3(mod 5) =>7y =1 (mod 5) =21 (mod 5). Thusy =3 (mod 5). We can say that
y =5z -2 for any positiveintegersz. From therelationship between x and y, we now
know that x = 7(52 -2) -3 =35z —17. Thusx =-17 (mod 35) = 18 (mod 35). 53isthe
only answer which satisfiesthisrelationship.

There are several nice ways of doing thisproblem. The solution can be easily obtained
by merely adding all of the factors and then subtracting all of the factors of its lar gest
odd factor (27). Using the formula from problem 2, the sum of all the factorsis 5080.
The sum of the factors of 27 is40. 5080 — 40 = 5040.

Thetrick istofind the LCM of (2-10) and subtract 1. TheLCM of (2-10) will have a
primefactorization of 2°x 3*°x 5x 7 = 2520. 2520 —1 = 2519.

The sum of thefirst n perfect cubesis[(n)(n+1)/2]°. Pluggingin yields (10)(11)/2 = 55.
55 X 55 = 3025.

Weknow that n(n + 1) = 0(mod 3) and that n(n + 1) = 0 (mod 61). 60 isthe smallest
positive n which satisfiesthe second relation and it also happensto satisfy thefirst, so
we look no further.
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27.3x5=15. 5x7=35 11x13=143. 17x19=323. 29x31=899. 41x43=1763. 1763
+899 + 323+ 143+ 35+ 15=3,178.

28. The Pigeonhole principle saysthat there are at least two Killerswith 13 killsor at least
onewith 14. Since Pat B. killed MORE aliensthan any other Killer did, he must have
Killed at least 14 aliens.

29. 7* = 1 (mod 100). Thus 7' = 70 = (1")(7°) = 7% = 343 = 43 (mod 100). Thus
the answer is4.

30. 329 x 999 = 32571. A nicetest for divisibility of anumber by 99isto add the digits
pairwise starting from theright 71+ 25+ 3=99. A number isa multiple of 99 if and
only if itsrelated pairwise digit sum isa multiple of 99.

31. 9984 = 10,000 — 16 = (100 + 4)(100 —4). Thedifferenceiss8.
32.297=3x11; 481=13x37: and 672= 2°x3x 7. TheLCM = 2°x 3¥ x 7x 11 x 13x 37.
The LCM = 31,999,968.

33.40 has4 x 2 =8 positivedivisors. For each divisor d, thereis exactly one other divisor
m such that dm = 40. Thusthereare 4 pairsof divisors, the product of each pair being

40. Thusthe product of all thedivisorsis 40*.

34. The sum of thefirst N positive perfect squaresis (N)(N+1)(2N+1)/6. Thesmallest N
which can makethat numerator a multiple of 41isN = 20.

35. 5% = 1 (mod 8), thus 52 = (1°)(5) (mod 8) = 5 (mod 8).

36. When a number isexpressed in base 10, it isa multipleof 9 if and only if the sum of its
digitsisamultipleof 9. The sameistruefor multiples of 4 expressed in base 5 (for the
same reason —a good exer ciseisto figure out exactly why thisistrue). Given that fact,
we arelooking for the number 1111,. 125+ 25+ 5+ 1 = 156, which isindeed a multiple

of 4.

37.In the primefactorization of M, the exponent of 2 can only bel. Intheprime
factorization of M, the exponent of 2 can only be3. MN must therefore contain 2 with
an exponent of 4. But MN isnot divisible by 32, so MN divided by 32 must leave a
remainder of 16.
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38. How many ways can we make such a number with 9 factors? With 8, 7, less? Weuse
the formulafor the number of positive factorsand realize that we arejust ordering the
exponents (plus one) of the primes 2 and 3 to produce the desired number of factors.

9=(9(1D) =(3)(3) =(1)(9); 8=(8)(1) = (DD = (A(4) = (1)(8); 7=(N(1) = (D)(7); 6=
6)(2) = (3)(2) = (2)(3) = (1)(6); etc. Ifitisnot clear tothereader how to construct each
number that we arelooking for, find one of the numberswith 8 factors. 8= (4)(2). If 4
and 2 represent one greater than each of the exponents associated with the primes 2 and

3, then we have a prime factorization of (2°)(3") = 24.

39.M =2*x 3 x5x7x11x13x 17 x 19. Thenumber of positive factorsisthus5x 3 x 2
X2X2x2x2x2=960.

40. Thisproblem can betediously worked out by long division. Thereisamuch simpler
way however. Find the prime factorization of the large number.

337,500,000 = (2° )( 3%)(5°). Divide both thisnumber and 128 by 32. Now takethe
remaining portion of the large number and find itsremainder when divided by 4 (which is
128/32): (3%)(5%)= (-1)°(2%) (mod 4) = -1 (mod 4) = 3 (mod 4). Multiplying both sides
back by 32 tellsthe solver that the original number is congruent to 96 (mod 128).
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