Open Probability & Combinatorics MAO National Convention 2016

For all questions, “NOTA” stands for “None of these answers.” A z-table is attached to the last page of

this test and may be required to answer several questions. Unless specified in a given question, you
may assume that dice, coins, or decks of cards are standard and fair.

1)

If P(E) = 0.5, P(F) =0.25 and P(E or F) =0.75, then events E and F must be:

A) Independent C) Both Aand B E) NOTA
B) Mutually exclusive D) Neither AnorB

A man has 2 quarters, 5 dimes, 3 nickels and a penny in his pocket as he approaches a toll booth.
If the toll is $0.25, what is the minimum number of coins he must take from his pocket to be
sure that he will have enough money to pay the toll?

A) 2 B) 3 C) 4 D) 5 E) NOTA

What is the probability that a random point in the interior of a circle of radius 5 is more than 3
units from the center?

A) 9/25 B) 3/5 C) 16/25 D) 4/5 E) NOTA

A player tosses two fair coins. He wins $10 if 2 tails occur, S5 if exactly 1 tail occurs, and $1 if no
tail occurs. What are his expected earnings?

A) $5.00 B) $5.25 C) $7.50 D) $7.75 E) NOTA

In a certain company, three typists service for four departments. If the departments each send a
file to the typists at random, what is the probability that every typist will receive at least one
file?

A) 8/9 B) 64/81 C) 5/9 D) 4/9 E) NOTA

Which of the following is TRUE regarding binomial distributions with n trials and probability of
success p?

A) The degrees of freedom of its variance determines the number of trials that must be
independent
B) The meanis equal ton(1l —p)
) Asp increases from 0 to 1, the variance will also increase
D) More than one of the above is true
E) NOTA

Page 1 of 6



Open Probability & Combinatorics MAO National Convention 2016

7) There are 496 employees in a company, one of whom is to be selected at random to win a car.
Further, each person is equally likely to win the car. If the probability that a supervisor will be
selected is 3/16, how many supervisors work at the company?

A) 16 B) 74 C) 93 D) 118 E) NOTA

8) In the figure below, ABCD is a square with an enclosed area of 576. Line segment AE is one-
fourth of AD, and ABGE is divided into three equal rectangles. Line segment FD is one-half of ED,
and EGCD is divided into 4 equal rectangles. If a point is randomly chosen from within square
ABCD, what is the probability that the point will be from a shaded region?

A B
E G
F
D C
A) 13/48 B) 7/36 C) 11/24 D) 3/16 E) NOTA

9) The average (arithmetic mean) of 1, 2, 5,9, and x is 4. The average (arithmetic mean) of 2, 3 and
y is 6. What is the value of x + y?

A) 16 B) 13 C) 10 D) 5 E) NOTA
10) For a certain type of computer, the length of time between charges of the battery is normally
distributed with a mean of 50 hours and a standard deviation of 15 hours. John owns one of

these computers. What is the probability (rounded to the nearest 5% multiple) that the length
of time between charges for John’s computer will be between 50 and 70 hours?

A) 35% B) 40% C) 45% D) 50% E) NOTA

11) In the list of numbers, 6, x, 10, 2, 7, 13, and 15, the median is 10. Which of the following could
NOT be the value of x?

A) 10 B) 11 C) 13 D) 16 E) NOTA
12) The annual salaries of employees in a large company are approximately normally distributed
with a mean of $50,000 and a variance of $400,000,000. What percent of people (rounded to

the nearest 5% multiple) earn less than $40,000?

A) 30% B) 40% C) 50% D) 60% E) NOTA
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13) In a hockey competition, a player scores 80% of his shots (this ratio is constant over time). What
is the probability the player will not miss until his 10t try?

A) (1-.8)7(.8) C) (1-.8)1° E) NOTA
B) (1-.8)°(.2) D) (1 —.2)%°

14) Omar ordered his sister a birthday card from a company that randomly selects a card from their
inventory. The company has 21 total cards in inventory. 14 of those cards are birthday cards.
What is the probability that Omar is not sent a birthday card?

A) 21/35 B) 2/3 C) 14/35 D) 1/3 E) NOTA
15) If P(E) = 0.3 and P(D|E) = i whatis P(D N E)?
A) 3/40 B) 1/5 C) 3/5 D) 7/8 E) NOTA

16) 8 friends are randomly seated at a round table for dinner. Each seat comes with a unique
bubble tea flavor, one of which is cherry. What is the chance that Amos sits at the spot where
cherry bubble tea is served?

A) 1/8! B) 1/60 C) 1/24 D) 1/8 E) NOTA

17) The digits 1, 3, 4, and 6 are each used once to form a 4-digit number. What is the probability
that the number is divisible by 4?

A) 1/4 B) 1/3 C) 7/24 D) 4/9 E) NOTA

18) Suppose a committee of 6 people is selected in a random manner from 12 people. Determine
the probability that two particular people, Thelma and Fernanda, will both be selected.

A) 16—2" B) 5/22 Q) 1/3 D) 5/11 E) NOTA

19) There are two sets of letters, and you are going to pick exactly one letter from each set:

Set #1 = {E, F, G, I} and Set #2 = {B, F, O, M}. What is the probability of picking at least one
vowel?

A) 5/16 B) 7/16 C) 5/8 D) 7/8 E) NOTA
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20) Suppose the scores on this test are approximately normally distributed with an average of 60

points and a standard deviation of 15 points. In order to qualify for a trophy, a student’s score
must be in the 85" percentile. What’s the minimum score that a student must have (assuming
scores must be integers) in order to win a trophy?

A) 64 B) 65 C) 75 D) 76 E) NOTA

21) The janitor of a school regularly replaces chalk in class rooms that have run out. During one

round of checking, the janitor may have to replace the chalk in several rooms. The principal has
given the following probabilities to the number of rooms (identified by the random variable C)
that need to their chalk replaced on one round of checking:

C 0 1 2 3 4

P(C =) 30% 20% 35% 5% 10%

If a janitor usually brings enough chalk for 8 rooms on one round of checking, how many rooms’
worth of chalk are left on average after replacing those rooms that ran out (rounded to the
nearest number of rooms)?

A) 4 B) 5 Q) 6 D) 7 E) NOTA

22) A square grid is composed of 100 squares with each side having length 16. A circular disk of

diameter 4 is thrown at the grid, and the disk’s center lands on the grid. What is the probability
that the disk is not crossing the side of any square within the grid? Assume the sides are of
neglibile width.

A) 3/20 B) 7/16 C) 9/16 D) 49/64 E) NOTA

23) Danyal has a pink, fluffy key chain that he needs to place 5 keys on. In how many ways can

Danyal place his five keys on the key chain? Only count configurations that are distinguishable
from any other configuration.

A) 120 B) 60 C) 24 D) 12 E) NOTA

24) It has been determined that at a certain intersection, cars arriving from the west go straight 10%

of the time, turn left 70% of the time, and turn right 20% of the time. It is also known that 80%
of drivers use their signals regularly (you can assume always) while 20% use them rarely (you
can assume never). You, who are heading into the intersection from the west, are sitting behind
a driver who does not have his signal on. What is the probability that he is turning left?

A) 1/2 B) 5/9 C) 3/5 D) 7/9 E) NOTA
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Questions 25 — 28 are related. Information from previous questions made be used in subsequent ones.

25) You have a fair die that you roll once. Whatever value the die shows once rolled is how much
money you win. What is the expected value of the amount of money you win in this game?

A) 3 B) 3.5 C) 4 D) 4.5 E) NOTA

26) Let’s make this game more fun! Assume the same conditions as above, except now you have
the option to re-roll after the first throw if you don’t like the outcome. The caveat is that you
must keep that value even if it is lower than the first roll. Assuming you will keep what you
rolled first if it is higher than the expected value and roll again if what you rolled first is lower
than the expected value, what is the expected value of the amount of money you win in this
game (rounded to the nearest tenths place)?

A) 3.9 B) 4.1 C) 4.2 D) 4.4 E) NOTA

27) Let’s make the game even more fun!! Assume the same conditions as in question #26, but now
you have the chance to re-roll up to two times. The caveat is that once you re-roll, all previous
values are irrelevant. You will again stop at any point when you roll above the expected value of
a roll and continue on if you roll below the expected value of a roll. How does the expected
value of your winnings in this game compare to the expected value of your winnings in the game
described in question #267?

A) The expected values are equal

(@)

B) The expected value of your winnings in this game is lower

) The expected value of your winnings in this game is higher
) More information is needed to determine this relationship
) NOTA

m O

amount of exclamation points.) Suppose we play a similar game to the one described in
guestion #27, except now you can re-roll your dice an infinite number of times if you choose.
What is the expected value of this game?

A) 4.5 B) 5 C) 55 D) 6 E) NOTA
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29) A gambler plays a certain game. For each play, the gambler will get $25 if he wins and lose $25
otherwise. Suppose that the probability to win is p, where 0 < p < 1, and that the gambler
begins playing with a fortune of $200. What is the expected value of her wealth after n
independent game plays?

A) 200+ 25np(1 —p) C) 200 + 25np(2p — 1) E) NOTA
B) 200 + 25np(1 — 2p) D) 200 + 25n1‘%p

30) Three fair 6-sided dice are rolled, and their sum is noted. What is the probability that the sum is
10?

A) 1/16 B) 1/10 C) 1/9 D) 1/6 E) NOTA
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Table of the Standard Normal Distribution

2
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