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On this test, answer choice (E) should be chosen when None Of The Answers listed are correct.

As a general hint, sometime the questions prior to trickier questions are a clue as to how to solve them.

(1) If f(x) = cos*(x) — sin*(x), find f’ (%)

(A) -3 (B) -1
©c =2 (D) -2 (E) NOTA
Solution:

f(x) = cos*(x) — sin*(x) = (cos?(x) — sin?(x))(cos?(x) + sin?(x)) = cos(2x). So f'(x) =

—2sin(2x) and ' (%) = —2sin (2 Z) = —2.[D]

JCZ
e 202, where g > 0 is constant. Find the

, : - I 1
(2) Alex’s favorite Statistics function is f(x) = Norre

positive value of x for which f(x) has a point of inflection.

(A) 0 (B) o
(C) V2o (D) o2 (E) NOTA
Solution:
1 %2 x -1 _x2

’ _ Er=o N
f (x) " \2mo? 7 02  02\2mo?

w1 E R Wy ¢ _
f () = 02V2mo? xe =2 T oz il 02V2mo? €= 02V2mo? €z oz CXx=o. i
(3) Evaluate:

tan (E + Sh) —tan (E - 4h)

. 3 3 _
Hm 3h -
(A) 4 (B) 12
€ 3 (D) % (E)  NOTA
Solution:

In the Limit definition of a derivative, the Ax in the denominator must match the difference in the

tan(§+5h)—tan(§—4h) — 3. lim tan(§+5h)—tan(g—4h) _
3h h—-0 9h

points evaluated in the numerator. Therefore: }lirr(l)

3 -% [tan(x)]] _=3 sec? (E) =12.[B].

x== =
3



(4) Which of the following pairs of behaviors best describes f(x) = x5 — 7x3 + 3x? — x + 2022 at

x =27

(A) Increasing, Concave Down (C) Increasing, Concave Up

(B) Decreasing, Concave Down (D) Decreasing, Concave Up (E) NOTA
Solution:

fO)=x>—7x3+3x2—x+2-> f'(x) =5x*—21x%2 + 6x — 1 & f"'(x) = 20x3 — 42x + 6. So
Fl2)=5+24—21%22+12-1=7>08&f"(2) =20%23 —42+2+6 =82 > 0. [C].

(5)  Iff(x) =x>+x*+2x3+ 3x% + 5x + 8, find 6?—x[f‘l(x)] evaluated at x = 20

(A) 20 (B) 26
() % (D) % ()  NOTA
Solution:

A re-1 -1 1 _ 1
In generall dx [f (x)] f’(f_l(x)) fl(f—l(zo)) fl(l)'

Finally f(x) = x5+ x* +2x3 +3x2 +5x+8 > f'(x) = 5x* + 4x3 + 6x2 + 6x + 5> f'(1) =5+
4+6+6+5=26. Sotheansweris%. [C]

Clearly, f(1) = 20, so f~1(20) = 1. Therefore

x b5x 2
(6) Find the largest value of x > 0 for which | =3 i 2| does not have an inverse.
1 3 1
2 17++/137
A 3 (B) 26
© 1 (D) 17‘3‘213_7 (E)  NOTA
Solution:
x 5x 2
-3 - 2[=1410x-18-Z—6x+15x=19x—-—17=0-19x2 - 17x—2=0>x =
1 3 1
174/172+4(19)(2) _ 17421 _
2(19) - 38 1. '
x 5x =2
(7) Find the minimal possible value of the determinant of | —3 % 2 | forx > 0. Note this s
1 3 1

not the same matrix as the previous question.

(A) 19 + 2v/38 (B) 19 — 2+/38



@ (o) LE () NOTA
2 19
Solution:
x 5x -2
1 3 1
= 2= ini i - VBB L 5 (19, 10—
X = \/; =T The minimum possible value is therefore 19 ( " ) 4 2 (m) +19 =19 + 2V38 [4]

(8) Evaluate

*® dx
feee x(In(x))(In(In(x)) (In(In(In(x))))?022

1 1
(A) 3092 (B) ~ %032
() ﬁ (D) —ﬁ ()  NOTA

Solution:

1

Letu = In(In(in(x))) —» du = mdx

Therefore

o dx _ (%2022, _ [__1 _—2021]% _ _1
feee x(In(x)) (In(in(x))An(in(In(x))))2022 — fl u du = [ 2021 % ]1 ~ 2021

(9) Find the maximum possible value of f_z;tf(x) sin(x) dx if |[f(x)| < 2022 everywhere.

(A) 12132 (B) 8088
(C) 4044 (D) 2022 (E) NOTA
Solution:

We want f(x) = —2022 when sin(x) < 0 and f(x) = 2022 when sin(x) > 0. If so the integral
becomes f_zgf(x) sin(x) dx = f_on —2022sin(x) dx + f: 2022 sin(x) dx + fnzn —2022sin(x) dx =
4044 + 4044 + 4044 = 12132. .

(10)  Evaluate

lim
n—oo

n? +2000n + 4022\"
n2 +2022n + 4044

(A) e—ll (B) e—22



(C) e 44 (D) e~ 88 (E) NOTA

Solution:
2 n 2 n n
. n%+2000n+4022 . n%+2022n+4044—22n—22 . n+1
lim (————) = lim =lim(1—-22(——— =
n-ooo \n2+2022n+4044 n—oo n2+2022n+4044 n—oo n2+2022n+4044
. 22\ _
lim (1——) = g=22
n—oo n

(11)  Consider the following grid of points:

Suppose that, starting at the point labeled A, Jae can go one step up or one step to the right at

each move. This procedure is continued until Jae reaches the point labeled B. Given that

Jae’s path goes through the point C, what is the probability that Jae’s first move was to the

right, if every path is equally likely?
1

A = (B)

ul| e

© = (D)

u|w

(E) NOTA
Solution:

It will take two steps right and three steps up to get to Point C, so the total number of paths from Point
A to Point Cis the number of arrangements on RRUUU which is 2?—; = 10. It will take one step up and

three steps right to get to Point B, so the total number of paths from Point C to Point B is the number of
arrangements of RRRU which is 4. Therefore there are (10)(4)=40 total paths from Point A to Point B
through Point C. If the first step is to the right, then there will be only the number of arrangements of
RUUU to get from A to C, which is four. Therefore there would be 4*4=16 total paths that go from A to

B, go through C, and have a first step to the right. So the probability is 16/40=2/5. .

(12) Urn A has 6 red balls and 6 purple balls. Urn B has 8 red balls and 7 purple balls. Iris rolls a
fair 6-sided die. If the outcome is one, she selects a ball from Urn A. Otherwise, she selects a ball
from Urn B. Suppose Iris selected a purple ball. What is the probability that the die roll was
one?

(A) (B)

[N
N | =



(C) — (D) o (E) NOTA
Solution:

P(Purple|One) = % & P(Purple|~0ne) = % — P(One|Purple) =
p(one)P(Purple|One) _ (%)(1—62) _ 1—12 3 3 @

p(one)p(Purple|One)+p(~one)p(Purple|~One) (%)(i)J,(s)( 7) Ly 3414 17

12) " \6/\15. 12 18

For the next three questions, use the following information:

A probability density function is a piecewise continuous non-negative function f (x) with the property
that the area between this function and the x-axis is one. The probability of random variables attaining
ranges of values can be determined using probability density functions, such that the probability of a <

X < b is given by f;f(x)dx. The expectation, or mean value, of a random variable with probability
density f(x) is given by [, xf(x)dx.

kx(2—-x),0<x <2

0, Otherwise is a probability density function. Find k.

(13)  Suppose q(x) = {

3 3
(A) 3 (B) "
© 3 o 3 (E)  NOTA
Solution:
2 o — %2 d = 2 i (4—8) =t = _3
We need k [ 2x xdx—1—>k[x 3]O—k(4 3)—3k—1—>k—4.
2eVE x>0
(14) It is known that r(x) = {2 ’™ = 7 is a probability density function. Find the expectation of
0, Otherwise
a random variable governed by this density function.
(A) 6 (B) 12
(@] 24 (D) 36 (E) NOTA
Solution:

o 1 . " _
The expectation is fooogxe VXdx. Using the substitution u? = x - 2u du = dx, we get fooo ule %du.

We can use tabular method to complete this integration by parts to get the answer 6.

(15)  There are three unlabeled computers in the computer lab. One of these computers (call it
Computer A) has a boot-up time (in minutes) that is a random variable governed by the
probability density g(x) above. The remaining two computers have boot-up times (in minutes)
that are random variables governed by the probability density (x) above. Saathvik picks a



computer at random with equal probability, and finds that the boot-up time was less than one
minute. What is the probability that he is working on Computer A?

(A) 5:—8 (B) 95:16
© = o () NOTA
Solution:

cb
P(X <1|q(x)) = folzx(z —x)dx = %[xz — x?]o = % This is also obvious by symmetry.

P(X<1r(x) = folge_ﬁdx = f01 ue dx =[le ¥ (—u—-1D]j=1 —S.

P(a)P(X < 1|q(x)) 5G) 1

G- e

p(q(x))p(X < 1|q(x))+P(r(x))P(X < 1|r(x)) 1(1)+

3\2

Therefore P(q(x)|X < 1) =

1
se=8 = 5:—8'
e

(16) If Re(ei“) == and Im(eiﬁ) = 3, andboth—2 < a <0 and =< [ < 1 and then find
13 5 2 2

tan(a + ).
33 33
A -5 I
63 63
© -= o =2 ()  NOTA
Solution:
Re(e™®) = cos(a) = 133 - sin(a) = —1—2 > tan(a) = _1_52.

Im(e'?) = sin(p) = % - cos(B) = —% - tan(p) = —z.

12 3
__ tan(a)+tan(f) __ 5 2 _ 63
So tan(a + ﬁ) " 1-tan(a)tan(B) 1_(_1_52)(_%) 16 @

(17) Compute
“ sin (5)
Z n!
n=0

(A) Ve cos (E) (B) Ve sin (\/;)

2

Ve me

@ ¥ o =

. (E) NOTA



Solution:

In general, ¥ Osm(nx) it (Z%O:O e;#) — i (Z%O:O (en!) ) i (eeix) _ Im(ec05(x)+isin(x)) -
Im(ecos(x) (cos(sm(x)) + i sin (sin(x))) = e°*sWsin(sin(x)). Letting x = g - cos(x) =

= & sin(x) = \/2—— — The final answer is ezsm( ) \/_sm( )

(18)  Consider the parabolay = ax? + 2022x + 2022. There exists exactly one circle which has its

center on the x-axis and is tangent to the parabola at exactly two points. It turns out one of the
tangent points is (0,2022). Determine the value of a.

1 1

(A) 2022 (8) 2022

© — (D) —— (E)  NOTA

4044 4044
Solution:
By symmetry, since the vertex of this parabola occurs at x = — %, then the center of the circle must
be at (—% 0) Now the slope of the parabola at (0,2022) is 2022, so the line connecting
1011 2022 1 1

(—— 0) to (0,2022) must have a slope of — So73" Thus 75 (1011) = =505 2a = 5o Q=

1
~2omr 2]

(19) Define the functions fy, f1, f2, f3, -» fn, --- toO satisfy the relations f, = %and fn = fn-1-

Furthermore, assume for all n > 0 that f,,(0) = 0. Evaluate

> falin(2022))
n=0
(A) 1011 (B) 2022
(C) 4044 (D) 8088 (E) NOTA

Solution:



And in general f; = %i—' > Y o fax) = Z;‘{;O%i—! = %ex - The answer is%eln(zozz) = 1011.

(20)  Let f(x) be a continuous, differentiable function at x = 0 with f(0) = 0 and f'(0) = 2022.

Evaluate
. f(x)
lim ——
x-0 X
(A) 1011 (B) 2022
(C) 4044 (D) 8088 (E) NOTA
Solution:

By I'Hopital the answer is just f'(0) = 2022. [B].
(212) Evaluate

_ sin?(4044x) tan3(1011x)
*20 (In(2022x + 1)5

VI ®
() % (D) 1—16 ()  NOTA
Solution:

From the previous question it is easy to see that for any function with f(0) = 0 and f'(0) = a,
fx)

lir‘%T = a. We can therefore use manipulation and limit rules to write the limit as
X—

Jiy SIN(40442) 2 i £2N(1011%) 3
sin?(4044x) tan®(1011x) M5 x ) W% x

m -
x-0  (In(2022x + 1))° (hm In(2022x + 1))5
x—0 X

Each of these limits is of the form above, and so the answer is

iy SIN(40442) 2 Jipy £20(1011%) 3
T x ) W x ) 4044710113 2*1011° 1

x—0 X
(1' In(2022x + 1))5 T 20225 T 2510115 2
m-——-
x—0 X

(22)  Let L, be the line in space with directional vector < 1, —2, 2 > going through the point (0, 1, 2).
Let £, be the line in space with directional vector < 3, —1, —4 > going through the point
(3,—1,2). Find the minimum distance between these lines.



(A) 0 (B)

wIlN

(C) - (D) (E) NOTA

ulN

Solution:

The distance between skew lines is the length of the vector between any point on one line to the other
projected onto a vector perpendicular to both lines. So, we definen =< 1,—-2,2 >xX< 3,—-1,—4 >=

i j k
1 —2 2|=<10,10,5>. Then we will projectv =<3 —-0,—-1—1,2 -2 >=< 3,—2,0 > onto
3 -1 —4

|<3,-2,0><10,10,5>| _ 10 _ 2

n and take its magnitude. This is equivalent to =—=-.
[I<10,10,5>| 15 3

(23)  Consider a line with direction vector < 2,—2,1 > going through the point (2, 3,4). Which of
the following expressions represents the infinite cylinder in space that is the locus of all points a
distance of 5 away from this line?

(A) (y+2z—11)2+(x—2z+6)*>+ (x + 2y — 10)? = 25
(B) (x—22+@w—-3)2+(z—-4)?*=25
(Q) (y+2z—-11)%24+ (x —2z+6)? + (x + 2y — 10)%2 = 225
(D) (y+2z+11)%2 4+ (x —2z—-6)2 + (x + 2y + 10)? = 25
(E) NOTA
Solution:
[Pex3|

17l

connecting the point of interest to a point on the line and ¥ is the direction vector of the line. Let a

The distance from a point to a line in 3-space is given by the equation d = . Here P—Q) is a vector

point on the cylinder by denoted (x, y, z). Therefore Wj =<x—2,y—3,Z—4 >. Thus we have

| i J k
PQxv=|x—2 y—-3 z—4|=<y—3+22-82z-8—-x+4+2,—x+4—-2y+6>=<y+
2 = 1
e
2z—11,2z—x —6,—x — 2y + 10 >. Andso d* = 25 = ”Pﬁzﬁ)l(lzu =

(y+2z-11)%+(x—22+6)?+(x+2y—10)>
9

- (y+2z—-11)% + (x — 2z + 6)® + (x + 2y — 10)? = 225.
(24)  Let f(x) be a continuous, differentiable function satisfying x = f(x)e/®. Calculate foe f(x)dx.
(A) e—1 (B) e
( et (D)  e® (E) NOTA

Solution:



Start with the substitution u = f(x) = du = f'(x)dx. Note that 1 = f'(x)ef@ + f(x)f'(x)ef™ so

DS 1 _ 1 1 f (. Qv
that f'(x) = T T ~ TP~ xR G Therefore [ f(x)dx = [u 7=

[x(u+ Ddu = [ue*(u+ 1)du = e*w? —u+1) = /@ (f(x)? — f(x) + 1). Completing the
definite integral, note that 0 = £(0)e/(® — £(0) = 0 and e = f(e)ef® - f(e) = 1. So the answer is

el(12-1+1)—e®0?-0+1)=e—1. [4]

(25) Let f(x) be an odd, continuously differentiable function with f () = 2022.

Evaluate
T ! x
f f(x) dx
-1 —sin(x) + /1 + sin?(x)
(A) 1011 (B) 2022
(Q) 4044 (D) 8088 (E) NOTA
Solution:
Use the bounds trick substitution u = —x —» du = —dx. Then
T fr(x) _ (T fr(-w _ (" fr(w) . ’ .
f—” 1—sin(x)++/1+sin?(x) dx = le 1-sin(—u)+,/1+sin?(—u) du f—” 1+sin(u)+/1+sin?(w) dx since f (u) N

even if f(x) is odd.
Therefore

T fr(x) _ (T fr(x) 7T fr(x)
. f—ﬂ' 1-sin(x)++/1+sin2(x) ol = f—T’f 1—sin(x)++/1+sin2(x) el oy f—Tf 1+sin(x)++/1+sin2(x) s

T 1 1 -
f—”f (x) (1—sin(x)+,/1+sin2(x) W 1+sin(x)+1/1+sin2(x)> o =

frt f’(x) 1+sin(x)++/1+sin2(x)+1—sin(x)+/1+sinZ(x) dx
= (1—sin(x)+1/ 1+sin? (x))(1+sin(x)+1/ 1+sin? (x))

T 2+ 2,/1 + sin?(x)
= g d
f_nf ) <1 + sin(x) + /1 + sin?(x) — sin(x) — sin?(x) — sin(x)Jl + sin?(x) + \/1 + sin?(x) + sin(x) /1 + sin2(x) + 1 + sinz(x)> h

= [T f' @) Ddx = [f()]%, = f(m) — f(—1) = 4044.

/4 fr(x) 4044
2 f—ﬂ«' 1-sin(x)+/1+sin?(x) h = 2 202 '

(26) Find the area enclosed by the locus of all points that are exactly ﬁ as far away from the point

(1,2) as they are from the line y = —2x + 24 forn > 2.



40(n—1) 80(n—1)

(A) 3 T (B) - 3 s
(n(n-2))2 (n(n-2))2
(C) 40,/n(n—2)n_ (D) 801/n(n—2)n (E) NOTA
n-1 n—1
Solution:

This describes an ellipse with eccentricity ﬁ with focus (1,2) and directrix y = —2x + 24. The first
thing to do is figure out the location of one of the vertices. To do this, we note that the line

. . . - . 1 1 3 -
perpendicular to the directrix containing the focusisy — 2 = 3 x—1)->y= 3 + > This intersects

the directrix when %x + % =—2x+24- gx = % — x =9 —> y = 6. The point that is ﬁthe distance
from (1,2) to (9,6) is ((n_l)(1)+9, (n_l)(2)+6) = (1 + g, 2+ i). This is the location of one of the
n n n n
2 2
vertices. The distance from (1,2) to (1 + E, 2+ i) is (E) + (i) = a5 = a — c where a is the
n n n n n
length of the semi-major axis and ¢ = Va? — b2 is the focal distance, with b the length of the semi-
minor axis. We also know that e = < = ——. Therefore c = —a — a —a———a= Ea - a=
a n—1 n—-1 n n—1 n—-1

4(n—1)\/§and CZ — az _ bz R az — az _ b2 = b2 — (n—1)2—1 2 S b= Jn(n—z) — \/TL(TL—Z) ]

n(n-2) (n-1)2 (n—-1)2 n—1 n—1
4n—1V5 45 . __4(m-1)Yy5 4V5 _ 80(n—1)

nn-2) ~ Jam=2 Thus the areaismab = nn=2) JrenD (n(n—Z))% .

(27) Find the rate of change of the area enclosed by the locus of all points that are exactly ﬁ as far

away from the point (1, 2) as they are from the line y = —2x + 24 for if n is increasing 48
units/hour and n = 6.

85241 85241
(A) B (B) - 0
85+/24 85+/24
(C) — (D) o () NOTA
Solution:

3 1
80(n-1) _ _ dA _ (n(n—Z))E(SO)—80(n—1)(%)(n(n—2))5(2n—2)E

(n(n—Z))g t (n(n—z))3 dt

From the previous question, A(n) =

80(v24)° —80(3)(52)v24 (48)m = 1920-6000 Ny T 85241
= P

243 288

(28) Ift =tan (g), and 0 <6 < g, then express sin(6) + cos(0) in terms of t.

1+t

W = B e
1+t)? 1+2t—t?
@ &2 o) == () NOTA



Solution:

. t
tan (g) = ::;E% = % = g — sin (g) = \/11? & cos (g) = \/117 So sin(8) = 2sin (g) cos (g) =

-7
% and cos(8) = 2 cos? (9) -1 2__1=1" Addthem together to get [D].

1+t2°

(29)  Evaluate:

Vs
f In(1 — 4044 cos(x) + 2022%) dx
0

(A) w1In(4044) (B) 2mIn(4044)
(Q mIn(2022) (D) 2mIn(2022) (E) NOTA
Solution:

The form and use of 2022 indicates one should consider fon In(1 — 2a cos(x) + a?) dx and use

Feynman’s integration technique: I(a) = f(;T In(1 — 2acos(x) + a®)dx - I'(a) =
2

2a-2cos(x)
e

7
dx. We use the substitution t = tan (;—C) — cos(0) = % &dx = dt for integrals

0 1-2acos(x)+a? 1+t2
q=t2
. - _ (m  2a-2cos(x) _ o0 202705 2 _ 2 (at1)(a-1)
of this type: I'(a) = fo Tzacosraz X = fo 2 12 T 0o @+ D2t24(a-1)2 dt +
1+t
2 Ooo 1+1t2 dt = 2 [arctan (%) + arctan(t)] = %ﬂ =1'(a) - I(a) = 2w In(a). So the answer is
- 0
2m1n(2022), D],

(30) You made it to the end of the test! Congratulations! Now, evaluate

lim <t
x>4x2 ++/x — 4
A 5 B) 1
€ 2 (D) 4 () NOTA
Solution:

Since Vx — 4 is not defined for values less than 4, and the limit is two-sided, this limit does not exist.



