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Stemer-Lehmus Theorem

G

Angle Bisector Equality Considered
In Varied, Challenging Proofs

by
Ali R. Amir-Moéz and Gregory A. Fredricks

Even though synthetic geometry is not fash-
ionable these days, we still get requests for a
proof of the so-called Steiner-Lehmus theorem.
Thus it would seem proper to have a few proofs
available,

Theorem: If the. angle bisectors of two an-
gles of a triangle are equal, the triangle is
isosceles.

An indirect proof: 1In order to be brief,
we shall often refer to a diagram (Fig. 1).

Let ABC be the triangle whose angle bisectors

A

Flg. 1

of B and C are equal, i.e., BD = CE. Note that
the half angles are denoted by B and Y. 1In
fact other angles also are marked.

Construct the parallelogram ECLB. It fol-
lows from the hypothesis that triangle BLD is

isosceles, and we denote the measure of the
congruent angles by i, Letting A = ,JDLC and
8 = »lLDC we have angles as marked in Fig. 1.
Comparing triangles EOB and DOC, we see that

B+ A +pu+o0=0+u+6+yx
and hence
B -y =28~ (%)

If8 > Y, then DC > CL, and hence}X > §'in
triangle LDC. This contradicts (*). IfB < Y,
then we get A < gwhich again contradicts (*).

A direct proof: Construct the triangle ECF

congruent to the triangle BDC (Fig. 2)., Thus
EF = BC, Note that the figure is marked for

A

further reference. One observes thato =8 + €=
olFEB = 6 + v = o/FCB. It now follows that EFCB
is a parallelogram (why?). Therefore 28 = 2v.

Indeed, the ever present problem of order
of half lines creates a difficulty. One has
somehow to show that whenever two angle bi-
sectors are equal, corresponding angles have to
be acute (why?).

An algebraic proof: One may compute the

(Continued on page 2)
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lengths of the angle bisectors. Let a, b, c,
be the lengths of the sides of a triangle,
and Vs Vo be the angle bisectors at B and C

(Fig. 3). Then

v = cal[(c + a)2 - b2]/(b + C)2

vc2 = ab[(a + b)2 - c2]/(a + b)2.

If one sets vy = Vs having done some factoring
one obtains

(b - c){ibesic + a)%(a + b32) (22 4 2a(b +c) + b? ¢+ bc + 2} + 1) = 0

Showing that the expression inside the braces
is positive, one obtains b = ¢ (see School Sci-
ence and Mathematics, January 1960).

For a vector proof, also instructive, re-
fer to your 1968 Logs.

Ali R. Amir-Moéz and Gregory A, Fredricks
are with the Department of Mathematics, Texas
Tech University, Lubbock, TX 79409,

Logging .. in April

A TEO MIEN A TEO!

'Hyhltl' (one of our favorite literary
figures!) said it, and said it well ... and
his philosophical reflection on self and
limitations (p. 1) ably sets the tone of a
varied, we trust interesting April Log.
(Yes, w1th so few words and symbols, the
quote nonetheless can be '"solved.,) Have
fun, too, with thé—EToquent claim to mathe-
matical prowess, enciphered in Alchemy!

And do let us know how you did, H.D.A.
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( PROBLEM CORNER

LOGMASTER’S

Carol McGill writes that initial response
to "Logmaster's Choice' has been light--almost
disappointingly so--though not uninteresting,
Sponsors and student readers are invited to
submit problems, solutions, and comments to Dr.
Carol McGill, 4405 Rue Des Fleurs, Orange, TX
77630. At this juncture the Problems Editor
has encouraged the Log Editor to put together
some favorite problems, each of an unusual na-
ture. He takes distinct pleasure in doing so,

* ok *

An added challenge to some of the more in-
teresting early "story problems" may be in com-
prehending an olden-time practice, understand-
ing of which is necessary or desirable for
problem solution, In this way, one attractive
"election" problem hinges on "plumpers," OQur
dictionary says "to plump" meant "to give
one's complete support!; that tplumper" al-
luded to "votes cast all for one candidate,
when more than one candidate may be voted for,m
Is that knowledge sufficient for solution of
this Victorian exam question?

THETA-9
A Question of '"Plumpers"
Proposed by the Editor-in-Chief

At an election of one member to Parliament,
one-third of the electors gave plumpers for ¢,
and those given for A and B were 4/21 of the
whole number of votes given. Of those electors
who gave single votes to C, twice as many ‘voted
for B as for A: and B stood at the head of the
poll with a majority of 110 over C. A scrutiny
being demanded, it appeared that those who had
split their votes between A and B had no legal
right to vote, and C is now returned with a ma-
jority of 200 over A, Find the final state of
the poll, it being observed that A now has as
many single votes as plumpers,

* ok ok

School mathematics problems of a certain
period not infrequently attempted to incorporate
a moral lesson as well. For example, something
of a temperance message no doubt was intended in
this classically-set "work'" problem, Due to
John Herbert Sangster, nineteenth-century Cana-
dian teacher-physician, it features two colorful
if improbable figures from Greek mythology, Bac-
chus ("god of wine and revelry'") and Silenus,

THETA-10
Bacchus and Silenus
Proposed by the Editor-in-Chief

Bacchus caught Silenus asleep by the side of
a full cask, and seized the opportunity of drink-
ing, which he continued for 2/3 of the time that
Silenus would have taken to empty the whole cask.
Silenus then awoke and drank what Bacchus had
left. Had they both drank together, it would
have been emptied two hours sooner, and Bacchus
would have drunk only half what he left Silenus.
How long would it have taken each to empty the

cask separately?
* k%

Nancy Evans, a college student of ours, came
to class with this question which had been mak-

—
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ing the rounds of those preparing to teach able,
younger children. Can you come up with an ele-
gant, elementary, and strictly logical solution?

THETA-11
Mrs,., Wilson's Family

Mrs, Wilson had three children--Edgar, Ron,
and John, Their combined ages were half of
hers. Five years later, during which time Sally
was born, Mrs. Wilson's age equalled the total
of all her children's ages. Within the follow-
ing ten-year interval another daughter was born,
Daisy, At the time of Daisy's birth, Edgar was
as old as John and Sally together, The combined
ages of all the children are now double Mrs,
Wilson's age, which is, in fact, only equal to
that of Edgar and Ron together, Edgar's age
also equals that of the two daughters, 1If Sally
is three years older than Daisy, can you find

all of their ages?
* Kk %k

Ever heard of a Fermi question? Well, you
have now! Named for Enrico Fermi, "Italian-
born American physicist who claimed he could
measure anything within an order of magnitude,”
these unusual, delightful, and differently
challenging questions receive attention in a
journal article we recently chanced upon. Seek
Douglas R, M, Edge and Michael K., Dirks, '"Prob-
lem Solving, Enrico Fermi and the Bull Moose,"
School Science and Mathematics, 83:7 (November
1983), pp. 601-608., Our Fermi-type question,
which we take pleasure in leaving with you to
consider:

THETA-12
How Many Sevens?
Proposed by the Editor-in-Chief

Printed, typed, or written by hand, how
many times is the digit 7 written in the 48
contiguous states on a typical Tuesday in April?
The digit 1? The digit 07

* k%

Editors get letters, lots of them--or else
they don't get letters, which distresses them
even more! Cathy Arthur, 40 Tangmere Rd., Don
Mills, Ontario M3B 2N3, wrote the Editor about
a mathematical "discovery." Involved is a
property of 9, and we thought Loggers might
explain the Eroperty. Send Miss Arthur your
careful, nontechnical explanation .,, with a
copy to the Problems Editor, of course,

THETA-13
A Question of Nines

Take any number ending in 9.

The digits preceding the 9 (as a number)
are added to 9,

The digits preceding the 9 (as a number)
are multiplied by 9.

These results are added,

The result, invariably, is the number
with which one began,

Why?

Example: 2439,

243 + 9 = 252, 243 x 9 = 2187,

Adding, 439 + 2187 = 2439, Why?

* ok %

We conclude this problem set with a conven-
tional "calendar'" problem that is (we submit) a
bit nastier than it may appear at first glance.
An "examination question'' from a Canadian school
Arithmetic of 1885, it reads very simply as fol-

Lows: THETA-14
Sundays in February
Proposed by the Editor-in-Chief

In 1880 February had five Sundays. When

will this occur again?

OERCE BANCEXRCIT WHNCH X < LbF RO RO LA WA



APRIL 1984

jgi THE MATHEMATICAL LOB

) §

el PAGE FOUR

Wl P4 P WA XTI <R 2 -1 QY YR 2 2P X F,

Changing the Sieve

‘Prize’ Number Properties
Instructive to Explore

By Don Allen

The prime number sequence (2, 3, 5, 7, 11,
ess)y known since antiquity, can be fun to de-
velop and remarkably instructive to explore.
The prime numbers, for one thing, permit a sur-
prising diversity of elementary conjectures--
many of them more readily made than proven or
disproven, history has shown, The prime numbers
-are not the only such sequence passible, how-
ever, (Ulam developed and explored the 'lucky
numbers," so-called.) The "sifting" procedure
commonly used to yield an efficient listing of
prime numbers (the Sieve of Eratosthenes) can
readily be varied to yield other, prime-like
sequences., You may wish to try this, very pos-
sibly producing your own sequence, For a start,
however, let me offer "prize numbers" (2, 3, 7,
9, 13, ...), developed to give my own students
experience in this kind of exploration,

Eratosthenes' classic ''sieve," as now used,
begins with the naturals (1, 2, 3, 4, 5, «cs).
1, the first natural, is set aside as the unit,
and unique, 3, accordingly, is the first prime
number., After 2, every 2nd natural is struck
out, 3, which remains, is the next prime num-
ber., After 3, every 3rd natural, whether al-
ready "eliminated" or not, is struck out. 5 is
the next prime number. After 5, every 5th Tnat-
ural 1is struck out, This process eliminates
multiples, Left are primes--numbers whose only
divisors, clearly, are 1 (the unit) and them-
selves.

Exactly how might the classic sieve be var-
ied? My students have found it remarkably dif-

STANDARD CURRICULUM

UTTFXWK YWJ QUXVCXWK, MG RMHULT, VM ZTKXW
QXVC; YWJ VCTW VCT JXGGTUTWV ZUYWRCTL MG
YUXVCDTVXR--YDZXVXMW, JXLVUYRVXMW, HKFXGX-
RYVXMW, YWJ JTUXLXMW, --VCT DMRP VHUVFT.

ficult to come up with a useful and instructive
result, However, a sequence of multiples (as
struck out by Eratosthenes) might be viewed as
a special case of an arithmetical progression--
and, for me, that provided the key., Prize num-
bers result from use of the following modified
sieve, )
Start (as before) with the naturals, Set
aside 1, the first natural, as the unit, nei-
ther prize nor (let's say) a loser. Take 2 as
the first prize number. After 2, strike out
each 2nd natural number, 3 remains, -and is the
next prize number. After 3, count 2 (the prev-
ious prize), and strike out 5 and each 3rd sub-
sequent number; that is, the subsequent numbers
of the form 3k + 2, 7 remains, and is the next
prize number, After 7, count 3, and strike out
10, and subsequent numbers of the form 7k + 3.
T is the next prize number, Strike out 16, and
‘subsequent numbers of the form 9k + 7. Gener-
alizing, if z is the mth prize number, strike

out subsequent numbers of the form zm(k) + z 1

The sequence of remaining naturals gives

the prize numbers: 2, 3, 7, 9, 13, 15, 19, 21,
27, 33, 37, 39, 49, 51, 55, 57, 63, 67, 69, 81,
85, 99, ....

Note that, just as there were "twin primes"
(pairs of odd primes differing by 2, as 17, 19;
59, 61), so there are "twin prizes" (67, 69;
175, 177), Many other such analogies should be
fairly easy to spot,

You might wish to attempt investigations
along some of the following lines:

Primes, after 2 and 3, all necessarily are
one less or one more than a multiple of six:
that is, such primes may be written 6k - 1 or
6k + 1, What are corresponding forms for prize
numbers? Why? Debouvelle once conjectured
that for all k, one or both of 6k - 1, 6k + 1
would be prime. Was he right? GCould there be
a corresponding conjecture for prize numbers?

Euler is credited with discovering the
remarkable quadratic expression n¢ - n + 41,
which yields prime values for n=1, 2, 3, ...
(for how long?). Ls there a corresponding ex-
pression "rich" in prize values?

There are numbers which are both prime and
prize: 2, 3, 7, 13, 19, 37, 67, 109, 127, +ee.
After 2, 3, all such numbers are of the form
6k + 1. 1Is there something special about the
sequence of k-values yielding such numbers?

The Greeks were well aware of 'the infini-
tude of primes.'" Euclid showed, by indirect
proof, that there could be no "last" prime num-
ber. What of the prize numbers? If we suppose
there are only k prize numbers, that 2 is the

last prize number, what can we say about the
number represented by

(2k1)(3k2 + 2)(7k3 + 3)(9k4+ 7 ees

(zkkk + zk-l) + 17 (the k, are constants)

The Greeks classified numbers as deficient,
abundant, or perfect, according as whether the
sum of the proper divisors was less than, great-
er than, or equal to the number. (28 = 14 + 7
+ &4+ 2 + 1 equalled the sum of the proper di-
visors, and so was "perfect.") Now, 5 (say) is

TIMELY INCIDENT

@ i+& + 35@%I* l=jx x+6 ©¢ +4$@j, +ex
14 1j12& i#SH &*5@2@c% *1@$*HHe¢. i@c&*=¢
&7@*1 . . . &j@LLEX 9X@I2j6 *1$=X%1 *1# %j+&&
x==%& . . ..
L*LA 4=&*#S i@%] *1F  He=$7=X& 5+14
%+84x 5%=7 *1§ i+jj. ... "3@% 3%=*1§% @&
+*11@¢% 6=X,” *1§ l+4*@=¢ 3he#+*1 @* S+g.

—#3@1 +3*1XS 3j+@% (%H=3%F =Sikj).

eliminated as non-prize, being of the form 3k +
2: we might term 3 the "eliminator," 88 has
four eliminators: 2, 9, 15, 49; and 178 has
five., Might the number of eliminators or the
sum of the eliminators prove interesting to in=-
vestigate?

Primes can be colored on checkerboards or
graphed in other instructive ways. Could prize
numbers be similarly treated to advantage?

The possibilities would seem limited only
by the imagination or by the abillity to ''stay
with" a self-set task., Do let us know your
n"prize" discoveries, or properties of other
sequences you develop through a modified sift-
ing process.
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